We discuss an "operational" approach to testing convex composite hypotheses when the underlying distributions are heavy-tailed. It relies upon Euclidean separation of convex sets and can be seen as an extension of the approach to testing by convex optimization developed in [8, 12] . In particular, we show how one can construct quasi-optimal testing procedures for families of distributions which are majorated, in a certain precise sense, by a sub-spherical symmetric one and study the relationship between tests based on Euclidean separation and "potential-based tests." We apply the promoted methodology in the problem of sequential detection and illustrate its practical implementation in an application to sequential detection of changes in the input of a dynamic system.
Introduction
The following important observation, attributed to H. Chernoff [6] (see also [3, 4] ), was the starting point of our research.
Let X 1 and X 2 be two nonempty closed and convex sets, one of them being bounded, in R n . Suppose that, given a noisy observation
of the unknown signal x ∈ X 1 ∪ X 2 , where ξ ∼ N (0, I n ) -the standard n-dimensional Gaussian vector, one wants to decide on the hypotheses H 1 : x ∈ X 1 vs. H 2 : x ∈ X 2 . Then, assuming that X 1 and X 2 do not intersect (the decision problem is clearly unsolvable otherwise), optimal tests (with respect to different definitions of maximal risks) can be obtained using the following simple construction: 1) solve the following (convex optimization) Euclidean separation problem Opt = min
1 2
where · 2 is the Euclidean distance.
2) Given an optimal solution (x 1 * , x 2 * ) to (2) , compute
2 Basic theory
Pairwise hypothesis testing: Situation and goal
The basic problem we intend to consider in a nutshell is as follows: we are given observation
where x ∈ R n is an unknown signal, and ξ is a random noise with probability density p(·), taken with respect to the Lebesgue measure, known to belong to some given family P. Our basic goal is, given two nonempty closed convex sets X χ ⊂ R n , χ = 1, 2, with one of these sets bounded, to decide, via observation (3), on the hypotheses H χ , χ = 1, 2, with H χ stating that the signal x underlying observation belongs to X χ . In other words, we are to decide upon the families P 1 and P 2 of distributions, where P χ is the family of distributions of random vectors x + ξ, ξ ∼ p with p ∈ P and x ∈ X χ . For the sake of brevity, we shall simplify the description of the hypotheses H χ to "x ∈ X χ ."
), χ = 1, 2, of a test T K on the inference problem (S K ) are defined similarly, but now the supremum is taken with respect to all deterministic sequences {x k ∈ X k χ } K k=1 and {p k ∈ P k } K k=1
participating in (5) . Finally, the risks of T K on (S K ) and (S K ) are defined as
Risk χS (T K |P, X 1 , X 2 ),
Our intention is to investigate the performance of specific tests stemming from "Euclidean Separation" of X 1 and X 2 (or X k 1 and X k 2 ) to be described in a while.
Sub-spherical families of distributions
We shall be primarily interested in sub-spherical families P.
Sub-spherical families of distributions: definition and basic examples
Definition 2.1 A. A sub-spherical family of distributions P = P n γ on R n is specified by an even probability density γ(·) on the axis such that γ is positive in a neighbourhood of the origin. P n γ is comprised of all probability densities p(·) on R n such that p(·) is even, and ∀(e ∈ R n , e 2 = 1, δ ≥ 0) :
that is, p-probability mass of a half-space not containing a neighbourhood of the origin is upper-bounded by P γ (δ), where δ is the distance from the origin to the half-space, and
B. A sub-spherical family P = P n γ is called monotone, if it contains a cap -a spherically symmetric density q(ξ) = f ( ξ 2 ) where f is nonincreasing on the nonnegative axis and such that the induced by q density of the distribution of e T ξ, e 2 = 1, is exactly γ(·). Note that whenever this is the case, γ(·) is nonincreasing on the nonnegative ray.
C. We call a function γ on the real axis nice, if γ is an even probability density which is continuous and is nonincreasing on the nonnegative ray. A sub-family P n of a sub-spherical family P n γ is called completely monotone, if γ is nice, and for every p(·) ∈ P n and every e ∈ R n , e 2 = 1, the random scalar variable e T ξ, ξ ∼ p, has probability density γ e,p (·), and this density is nice. Note that due to P n ⊂ P 
In the sequel, we simplify the notation P n γ to P γ when the value of n is clear from the context.
Example: Gaussian scale mixtures. Consider the situation where
where Z is a scalar a.s. positive random variable with given probability distribution P Z (t) = Prob{Z ≤ t}, t ≥ 0 such that P Z (0) = 0, and η ∼ N (0, Θ) is a zero mean Gaussian n-dimensional random vector independent of Z with unknown a priori positive definite covariance matrix Θ which is known to be I n . We refer to Θ as to matrix parameter of the distribution of ξ. Given a unit vector e and δ ≥ 0, we have
Prob ζ∼N (0,In) {e T Θ 1/2 ζ ≥ t −1/2 δ} dP Z (t)
Erf t −1/2 δ/ √ e T Θe dP Z (t) ≤ 2t dP Z (t), −∞ < s < ∞.
Clearly, γ e,Θ,P Z (s) and γ P Z (s) are positive even probability densities nonincreasing on the nonnegative ray; these densities are continuous, provided
Thus, the family of distributions of random vectors (9) with Z and η as explained above (we refer to these distributions as to Gaussian scale mixtures) is contained in the sub-spherical family P γ P Z . The latter family clearly is monotone, the cap being the probability density of √ Zη with independent Z ∼ P Z and η ∼ N (0, I n ). Besides this, in the case of (10) the family P γ P Z is completely monotone.
A standard example of a Gaussian scale mixture is given by n-variate t-distributions t n (q, Θ), Θ I n (multivariate Student distributions with q degrees of freedom, see [13] and references therein). Here t n (q, Θ) is, by definition, the distribution of the random vector ξ = √ Zη with Z = q/ζ, where ζ is the independent of η ∼ N (0, Θ) random variable following χ 2 -distribution with q degrees of freedom. One can easily see that all one-dimensional projections e T ξ, e 2 = 1, of ξ ∼ t n (q, I n ) are random variables with univariate t q -distribution, implying that the multidimensional densities in question form a completely monotone sub-family of the subspherical family P γ S where γ S is the density of Student's t q distribution with q degrees of freedom. Another example of scheme (9) is the n-variate Laplace distributions L n (λ, Θ), Θ I n , where Z is exponentially distributed with parameter λ. In this case all one-dimensional projections e T ξ, e 2 = 1, of ξ ∼ L n (λ, I n ), obey the Laplace distribution with parameter λ, whence the distributions in question form a completely monotone sub-family of the sub-spherical family P γ L , where γ L is the Laplace density
Finally, with Z taking value 1 with probability 1, scheme (9) describes Gaussian distributions with zero mean and covariance matrices I n ; all these distributions form a completely monotone sub-famuily of the sub-spherical family P γ G , where γ G is the standard univariate Gaussian density:
"Calculus" of sub-spherical families of distributions
Sub-spherical families of distributions and their completely monotone subfamilies admit a kind of "calculus" with the basic rules which follow.
The following two facts are immediate:
Proposition 2.1 Let P n γ be a sub-spherical family of distributions, and let x → Qx : R n → R m be an onto mapping satisfying QQ T I m . Whenever p(·) ∈ P n γ , the distribution of the random vector Qξ, ξ ∼ p, belongs to P m γ . Moreover, if QQ T = I m and P n γ has a cap q, then P m γ has a cap as well; this cap is the density of the random vector Qξ, ξ ∼ q. Proposition 2.2 A sub-spherical family of distributions is closed with respect to taking convex combinations of its members. Besides this, the union P γ1 ∪ P γ2 of two sub-spherical families of distributions is contained in the sub-spherical family P γ with
Complete monotonicity is preserved by taking sums. The precise statement is as follows:
Proposition 2.3 Let µ and ν be nice, let P n be a subfamily of the sub-spherical family P n µ , and let P m be a completely monotone subfamily of the sub-spherical family P m ν . Given r × n matrix A, r × m matrix B and positive definite matrix Θ such that
consider random vectors of the form
where η ∼ p(·) ∈ P n and ζ ∼ q(·) ∈ P m are independent. Let also
Then (i) γ(·) is nice, and for every e ∈ R r , e 2 = 1, and every δ ≥ 0 one has
Besides this, the scalar random variable e T ξ possesses symmetric density, which combines with (15) to imply that the distribution of ξ belongs to the sub-spherical family P r γ .
(ii) If, in addition to the above assumptions, P n is completely monotone, then the family of distributions of random variables (13) induced by η ∼ p ∈ P n and ζ ∼ q ∈ P m is a completely monotone subfamily of the sub-spherical family P r γ .
For a proof, see Section A.1.
As an immediate consequence of Proposition 2.3, we get the following Corollary 2.1 For 1 ≤ i ≤ I < ∞, let µ i be nice functions on the axis, and let P ni be subfamilies of the sub-spherical families P ni µi such that at least I − 1 of these subfamilies are completely monotone. Given r × n i matrices A i such that
Let P r be the family of probability distributions of random vectors of the form
where η 1 , ..., η I are independent of each other and such that η i ∼ p i for some p i ∈ P ni . Then P r is contained in the sub-spherical family P r γ , where
is nice. If all P ni are completely monotone, then so is P r .
Euclidean separation and associated tests
In the sequel, we fix the entities P, X 1 , X 2 , H 1 , H 2 introduced in the beginning of Section 2.1 and assume that X 1 ∩ X 2 = ∅ (otherwise no test can decide on H 1 vs. H 2 with risk < 1/2).
Single-observation Euclidean separation test
Consider the optimization problem Opt = min
and let x 1 * , x 2 * form an optimal solution to the problem (since both X 1 , X 2 are nonempty, closed and convex, and one of the sets is bounded, an optimal solution does exist). We set
Note that while (16) may have many optimal solutions, the vector h * and the real c * are uniquely defined by X χ , χ = 1, 2. The affine function s * (·) possesses the following properties:
We can associate with h * and c * the Euclidean separation test T 1 which, given observation ω (3) with x known to belong to X 1 ∪ X 2 , accepts the hypothesis H 1 : x ∈ X 1 and rejects the hypothesis H 2 : x ∈ X 2 when s * (ω) ≥ 0, and accepts H 2 and rejects H 1 otherwise.
Let us make the following immediate observation:
In the situation of Section 2.1 and in the notation from (17), (18), let P = P γ be a subspherical family of distributions, and let α 1 ≥ 0 and α 2 ≥ 0 be such that α 1 + α 2 ≤ 2δ. Whenever x ∈ X 1 and p ∈ P, the p-probability of the event {ξ :
(α 2 − α 1 )} is at most P γ (α 1 ), and when x ∈ X 2 , the p-probability of the event {ξ :
(α 2 − α 1 )} is at most P γ (α 2 ). As a result, risks of the test T 1 satisfy
In particular, when α 1 = α 2 = δ, the risk Risk S (T 1 |P, X 1 , X 2 ) of the test is at most
For a proof, see Section A.2.
Remark 2.1 In the situation of Proposition 2.4, let the sub-spherical family P γ be monotone. Then the test T 1 described in the proposition has the minimal risk among all single-observation tests deciding on H 1 vs. H 2 .
Indeed, denoting by q(·) the cap of P γ , and by p 1 (·) and p 2 (·) the densities of random vectors x
implying by the Neyman-Pearson lemma that the risk of any test deciding on two simple hypotheses x = x * 1 , x = x * 2 via a single observation (3) is at least ε .
Majority tests based on Euclidean separation
Let K be a positive integer, and let P = P γ be a sub-spherical family of distributions. The K-observation majority test T maj K for problem (S K ) works as follows: given observations ω k , k = 1, ..., K, see (4), the test accepts H 1 and rejects H 2 when s * (ω k ) ≥ 0 for at least K/2 values of k, and accepts H 2 and rejects H 1 otherwise. From Proposition 2.4 it follows that the risk of T maj K satisfies the bound
Let us assume that in the problem (S K ) the families P 1 , ..., P K in the definition of (S K ) are sub-spherical families of distributions, and that the sets X can be easily modified to become applicable to problem (S K ). Let the affine function s k (·) and positive real δ k be the entities s * (·), δ associated, via (16) -(18), with P k in the role of P and X k χ in the role of X χ , χ = 1, 2. The K-observation majority test T maj K for the problem (S K ) given observations ω k , k = 1, ..., K, see (5) , accepts H 1 and rejects H 2 when s k (ω k ) ≥ 0 for at least K/2 values of k, and accepts H 2 and rejects H 1 otherwise. Let now γ k be the density underlying the sub-spherical family P k . When applying Proposition 2.4 to
2 ) of the test T 1 in the problem of deciding, given a single observation ω k , upon the hypotheses H
. We conclude that the risk of the majority test T maj K in the problem (S K ) satisfies the bound
where
is the probability of k successes in the first K non-stationary independent Bernoulli trials with the probability k (δ k ) of success in k-th trial. Observe that p j|k , 0 ≤ j ≤ k, 1 ≤ k ≤ K, satisfy the recursion:
and where, by convention, p −1|k = 0, k = 0, ..., K − 1. Recursion (22) allows to compute all the quantities p j|k , 0 ≤ j ≤ k ≤ K, and thus the right hand side of (21), in O(K 2 ) arithmetic operations.
Potential-based tests with Euclidean separation
2.4.1 Potentials and potential-based tests Definition 2.2 A potential is an odd and nondecreasing Borel real-valued function η(·) on the axis. Given a family P of probability densities on R n , a nonnegative δ and a potential η(·), we define the δ-risk risk δ (η|P) of the potential on P as the smallest such that
Proposition 2.5 For k = 1, ..., K, let P k be a family of probability densities on R n , X k 1 and X k 2 be closed nonempty non-intersecting convex sets in R n , one of the sets being bounded, and let h k , c k and δ k be associated with (17) and (18). Given potentials η 1 , ..., η K , let us define the Euclidean detector induced by the potential η k and h k , c k as the function
and let
Finally, let {x k } K k=1 and {p k ∈ P k } K k=1 be deterministic sequences. Then
For a proof, see Section A.3. Under the premise of Proposition 2.5, consider a test T η K which, given K observations (5) with independent of each other ξ k ∼ p k ∈ P k , accepts the hypothesis
An immediate corollary of Proposition 2.5 is as follows: Corollary 2.2 In the notation and under the assumptions from the premise of Proposition 2.5, the risk
Potentials for sub-spherical families of distributions
is nondecreasing on the ray s ≥ 0. B. The δ-index of the δ-regular potential η on a sub-spherical family P γ is the quantity
where the concluding equality is due to the fact that γ(·) is even.
Proposition 2.6 Let P = P γ be a sub-spherical family of probability densities on R n , let δ ≥ 0, and let η be a δ-regular potential. Then
For a proof, see Section A.4.
Example 1: step potential. Assume that P = P γ is a sub-spherical family of distributions, and let δ > 0, implying that ε = ε (δ|γ), as given by (19), belongs to [0, 1/2) (recall that γ is an even probability density positive in a neighbourhood of the origin). We define the step potential as
Taking into account that 0 ≤ ε < 1/2, it is immediately seen that η is a δ-regular potential. The δ-index of the step potential satisfies
as is shown by the following computation:
Note that in the situation of Section 2.1 with stationary K-repeated observations (4), a sub-spherical family P = P γ and non-intersecting X 1 , X 2 , the test T η K associated with the step potential η is exactly the majority test T maj K defined in Section 2.3.2. Because the index δ (η|γ) of the step potential is < 1 due to ε < 1/2, its δ-risk risk δ (η|P γ ) is < 1 as well.
−|s|/λ , s ∈ R (see the "Laplace" example in Section 2.2). Given δ > 0, let us consider the ramp potential η δ which minimizes the risk δ (η|γ L ):
, for |s| > δ. One can easily verify that η δ is δ-regular for any δ > 0, and the corresponding δ-index satisfies
which is < 1 for all δ > 0. Examples above show that in the situation of Section 2.1, assuming that P = P γ is a sub-spherical family, there exist potentials η with δ-indexes δ (η|γ) < 1 and therefore, using Proposition 2.6, with risks risk δ (η|P) < 1, provided δ > 0. In this situation, when solving problem (S K ) with X k 1 ≡ X 1 , X k 2 ≡ X 2 , X 1 and X 2 not intersecting, and specifying δ > 0 according to (18), we can decide on the hypotheses H 1 and H 2 with any desired risk ∈ (0, 1) via semi-stationary K-repeated observations (5), provided that
see Corollary 2.2 (here x stands for the smallest integer larger or equal to x).
Potentials for the sub-Gaussian family
Aside from sub-spherical families, there are other families of probability distributions allowing, in the case of X 1 ∩ X 2 = ∅, for potentials with risks < 1 and thus for tests with an arbitrarily low risk, provided stationary or semi-stationary K-repeated observations with properly selected K are available. The simplest family of this type is the family P n sG of sub-Gaussian probability densities p(·), with parameters 0 and I n , that is, probability densities p on R n such that
Assuming that P = P sG and given δ > 0, let us put
Proposition 2.7 Whenever δ ≥ 0, we have
Proposition 2.7 is a special case of Proposition 3.3 in [12] ; to make the presentation self-contained, we provide its proof in Section A.5.
Note that if P is the sub-spherical family
2 /2 , s ∈ R (recall that this family contains, for instance, Gaussian distributions with zero mean and covariance matrix I n , cf. Section 2.2.1) the
"Majority of means" tests
Let now X 1 ⊂R n and X 2 ⊂R n be closed convex nonempty sets, one of the sets being bounded, and such that X 1 ∩ X 2 = ∅. In this situation, given ∈ (0, 1) and K-repeated stationary observations ω K , the potential-based tests developed in Sections 2.4.1 -2.4.3 allow to decide on H 1 , H 2 with risk ≤ , where K grows logarithmically with −1 . For instance, in the case of a sub-Gaussian family of distributions, the corresponding test attains the risk provided that
, where 2δ > 0 is the Euclidean distance between X 1 and X 2 , see (16) -(18). On the other hand, these tests rely upon the "Cramer-type" Definition 2.2 of the risk of the potential, and thus assume control of the exponential moment of η(ξ). In this section we present a different testing procedure, which only uses second order characteristics of the potential (mean and variance), and yet allows to achieve arbitrarily low risks of testing for essentially the same sizes of observation sample. We describe this modification in the simplest case of stationary repeated observations, generalizations to more general settings (e.g., that of Proposition 2.5) being straightforward. Now, let x 1 * , x 2 * and h * be associated with X 1 and X 2 via (16) and (17), and let P be a family of probability distributions on R n . We suppose that a potential η(·) and c ∈ R are such that for some > 0 and all p ∈ P,
for all x ∈ X 1 ∪ X 2 .
5
Example. Let P be a family of zero-mean distributions on R n with covariance matrix σ 2 I n :
For the linear potential η(t) = t with c = 0 we clearly have
2 * 2 , and h * 2 = 1). Now, given K-repeated stationary observations ω K = [x + ξ 1 , ..., x + ξ K ], and 1 , 2 ∈ (0, 1), we consider the inference problem (S K ) of deciding via the observation ω K whether x ∈ X 1 (hypothesis H 1 ) or x ∈ X 2 (hypothesis H 2 ). Our objective is to build the test T K for S K such that, uniformly over x ∈ X 1 ∪ X 2 and p ∈ P, the probability of wrongly rejecting H 1 (accepting H 2 ) is ≤ 1 , and the probability of wrongly rejecting H 2 (accepting H 1 ) is ≤ 2 . and we want to attain this goal using the smallest possible size K of observation sample ω K .
For the sake of definiteness, assume that 1 ≤ 2 . We denote κ =
). Let now m = 4e(e −κ + 1) 2 −2 , and let
values of j, and accepts the hypothesis H 2 otherwise. Proposition 2.8 In the just described situation, the risks of the test T mm K meet the problem specifications, namely,
For a proof, see Section A.6. Let us consider the test T mm K using the linear potential with c = 0. Under the premise of the proposition, i.e., in the situation where the noise covariance matrix is I n and the distance between the sets X 1 and X 2 is ≥ 2δ, the size of the stationary K-repeated observation sufficient for the test to satisfy the risk specifications is
Note that when 1 = 2 = , the above number of observations sufficient to decide on H 1 , H 2 with risk is within absolute constant factor of the number of observations, as given by (30) and (33), needed for the same purpose in the case when P = P sG .
Sequential detection via Euclidean separation 3.1 Situation and goal
In this Section our objective is to make decisions about an unknown vector u ∈ R nu representing inputs of a linear system in the situation where the information about u is acquired sequentially, and the goal is to decide whether the input observed so far is a nuisance or is "meaningful." Our modeling methodology goes back to [5] . Specifically, suppose that the observation ω k ∈ R m k available at step k = 1, ..., K, is
where u is the unknown system input, ξ k ∈ R m k are random noises, and A k ∈ R m k ×nu are known matrices. Throughout this section we suppose that we are given 1. a family P of distributions on R n ξ and matrices Z k ∈ R m k ×n ξ such that Z k is of rank m k and
where ξ obeys some (possibly unknown) distribution p ξ ∈ P;
2. a convex compact set U inp ⊂ R nu of admissible inputs;
3. a convex compact nuisance set V nui ⊂ int U inp such that 0 ∈ V nui ; 4. N convex and closed "activation" sets W j ⊂ R nu such that 0 ∈ W j and
5. N nonempty convex compact "drag sets" V j drg such that 0 ∈ V j drg . We call an input u ∈ V nui a nuisance, and a vector z of the form z = ρw, with w ∈ W j and ρ > 0, an activation of shape j and magnitude ≥ ρ. Note that if 0 < ρ ≤ ρ and z is an activation of shape j and magnitude ≥ ρ, then, as it should be, z is an activation of shape j and magnitude ≥ ρ , due to z = ρ w , w = (ρ/ρ )w, and w ∈ W j due to 0 < ρ ≤ ρ and (38).
We call input u a signal of shape j and magnitude > ρ (or ≥ ρ > 0), if u ∈ U inp and u = v + ρ w with v ∈ V j drg , w ∈ W j , and ρ > ρ (resp. ρ ≥ ρ), and denote by
the set of all signal inputs of shape j and magnitude ≥ ρ.
Our goal is to decide via observations ω k , k ≤ K, on the nuisance hypothesis "the input u to (36) is a nuisance" (i.e., u ∈ V nui ) vs. the signal alternative "the input u to (36) is a signal of some shape and (positive) magnitude." More precisely, we assume that we are given tolerances
and want to design a sequence of decision rules {T k : 1 ≤ k ≤ K} along with thresholds ρ kj > 0, 1 ≤ k ≤ K, 1 ≤ j ≤ N with the following properties: for every k ≤ K,
• rule T k makes a decision based on observation ω k , and this decision is either to accept the null hypothesis or to accept the signal one (but not both);
• if the input is a nuisance, the probability for T k to accept the signal alternative is ≤ k ;
• if, for some j, the input is a signal of shape j and magnitude > ρ kj , the probability for T k to accept the nuisance hypothesis is at most kj .
Given tolerances k , kj , we would like to achieve the outlined goal with thresholds ρ kj as small as possible.
3.2 Tests T k , Scheme I.
Assumptions on the distribution of noise ξ
Throughout Section 3.2, we make the following assumption on the family P of probability densities of random disturbance ξ in (37):
Assumption A1 For every k ≤ K we can point out a parametric family H k = {η 
where P k is the family of probability densities of random vectors ξ k = Z k ξ with ξ ∼ p ξ ∈ P.
Note that Assumption A1 indeed holds in the situations of our primary interest. Specifically, assume that
sG is the family of sub-Gaussian distributions on R n ξ , with parameters 0, I n ξ , then P k belongs to the family P m k sG of sub-Gaussian, with parameters 0, I m k , distributions on R m k . By Proposition 2.7, (39) is ensured by the choice
• when P = P γ is a sub-spherical family of distributions on R n ξ , (37) combines with Proposition 2.1 to ensure that the family P k is contained in the sub-spherical family of distributions P m k γ . Invoking the example of the step potential from Section 2.4.2, (39) is ensured by setting
Building decision rules
For every k ≤ K and every j ≤ N , consider the parametric convex optimization problem
where the parameter ρ is positive. From our assumptions on V nui , U inp , V Given k ≤ K, we specify the test T k as follows.
1. We compute the quantities R j . 2. We select somehow a (perhaps, empty) set J k ⊂ {1, 2, ..., N } and reals ρ kj ∈ (0, R j ], j ∈ J k , in such a way that
Note that (40) implies that Opt kj (ρ kj ) > 0 for j ∈ J k , otherwise the left hand side in (40) is at least 1 due to R k (0) = 1, and we have assumed that k < 1/2.
3. If J k = ∅, T k accepts the nuisance hypothesis. When J k = ∅, we act as follows:
(a) for j ∈ J k , we solve the optimization problem (P kj [ρ kj ]) and denote by (v kj ; v kj , w kj ) an optimal solution to the problem. We set
with η k δ (·) given by Assumption A1, and define α kj from the relation
(b) Finally, given observation ω k , the rule T k accepts the nuisance hypothesis if φ kj (ω k ) + α kj ≥ 0 for all j ∈ J k , and accepts the signal hypothesis otherwise. 7 The simplest way to identify R j is to run bisection in ρ on a large initial range of ρ in order to find the largest ρ for which (P kj [ρ]) is feasible.
Performance analysis
We now check that the just defined decision rules meet the goal stated in Section 3.1. Let us fix k ≤ K and j ∈ J k . Given feasible input u, let P k u be the distribution of observation ω k , the input being u. By construction and due to Proposition 2.5, applied to observations
, when u is a signal of shape j and magnitude ≥ ρ kj .
Assume first that the input u is a nuisance, and let us upper-bound the P k u -probability of rejecting the nuisance hypothesis at step k. This takes place only when φ kj (ω k ) + α kj < 0 for some j ∈ J k , and, by the first relation in (43), for a given j ∈ J k the P k u -probability of this event is at most e −α kj R k (δ kj ) = R 2 k (δ kj )/ kj where the last equality is due to (42). As a result, the P k u -probability to reject the nuisance hypothesis at step k is at most
where the concluding inequality is due to (40). Now, let the input u be a signal of shape j and magnitude > ρ kj . Due to ρ kj = R j for j ∈ J k , we have j ∈ J k . Let us upper-bound the P k u -probability of the nuisance conclusion at step k. By construction, the latter occurs only when φ kj (ω k ) + α kj ≥ 0, and, by the second relation in (43), this can happen with P k u -probability at most e α kj R k (δ kj ) = kj , where the concluding equality is due to (42). The bottom line is that the probability of false alarm at step k (a signal conclusion when the input is nuisance) is ≤ k , and the probability of ρ kj -miss (the probability to make a nuisance conclusion when the input is a signal of shape j and magnitude > ρ kj ) is at most kj .
Decision rules T k , Scheme II
Throughout Section 3.3, we make the following Assumption A: The family P of probability densities of the disturbance ξ in (37) is such that for all k ≤ K, probability densities of noises ξ k belong to sub-spherical families P m k γ with some common γ.
Note this assumption takes place, e.g., when P is a sub-spherical family P
We put (cf. (19))
Building the decision rules
Given k ≤ K, we specify T k as follows.
1. Exactly as in Scheme I, for every j ≤ N , we consider the parametric convex optimization problem (P kj [ρ]) with positive ρ, and compute R j , the largest ρ for which the problem is feasible.
2. We select somehow a (perhaps, empty) set J k ⊂ {1, 2, ..., N } and reals ρ kj ∈ (0, R j ], 1 ≤ j ≤ N , and α χkj , χ = 1, 2, j ∈ J k in such a way that ρ kj = R j when j ∈ J k , and we have
Note that for j ∈ J k we have α 1kj > 0 and α 2kj > 0 (by (45.a-b) combined with kj < 1/2, k < 1/2; recall that ε (s|γ) ≥ 1/2 when s ≤ 0). As a result, (45.c) implies that δ kj > 0 whenever j ∈ J k .
(a) for j ∈ J k , we solve the optimization problem (P kj [ρ kj ]) and denote by (v kj ; v kj , w kj ) an optimal solution to the problem. Similarly to (41), we set
(b) Finally, given observation ω k , the rule T k accepts the nuisance hypothesis if φ kj (ω k ) ≥ 1 2
(α 2kj − α 1kj ) for all j ∈ J k , and accepts the signal hypothesis otherwise.
Performance analysis
Let k ≤ K be fixed, and let P k u be the probability distribution of observation ω k , the input being u. Taking into account (45.c) and applying Proposition 2.4 with α χ = α χkj , δ = δ kj and
Assume first that the input u is a nuisance, and let us upper-bound the P k u -probability of rejecting the nuisance hypothesis at step k. This rejection implies that φ kj (ω k ) < 1 2
(α 2kj − α 1kj ) for some j ∈ J k , and by (47.a) the P k u -probability of this event for a given j ∈ J k is at most ε (α 1kj |γ). As a result, the P k u -probability of signal conclusion at step k when u is a nuisance is at most
where the inequality is due to (45.b). Now let the input u be a signal of shape j and magnitude > ρ kj , i.e., u ∈ U j (ρ) with ρ > ρ kj . Due to ρ kj = R j for j / ∈ J k this means that j ∈ J k . Let us upper-bound the P k u -probability of a nuisance conclusion at step k. The nuisance hypothesis is not rejected only when φ kj (ω k ) ≥ 1 2
(α 2kj − α 1kj ), and by (47.b) the P k u -probability of the latter event does not exceed ε (α 2kj |γ) ≤ kj (recall that by definition of sets U j (ρ), u ∈ U j (ρ) with ρ > ρ kj implies that u ∈ U j (ρ kj )), where the concluding inequality is due to (45.a).
The bottom line is that the P k u -probability of false alarm at step k (rejecting the nuisance hypothesis when it is true) is ≤ k , and the P k u -probability of ρ kj -miss (making a nuisance conclusion when the input is a signal of shape j and magnitude > ρ kj ) is at most kj .
4 Application: change detection in linear dynamical system
Problem statement
We consider the change detection problem as follows.
1. We are given a discrete time linear time invariant system
nx is the state trajectory, u ∈ R nu is the input, y t ∈ R ny is the output at time t,
• ξ ∈ R n ξ is a random disturbance with (unknown) distribution P ,
• P t ,...,S t , 1 ≤ t ≤ d, are known matrices of appropriate sizes.
Given τ ≤ d, we set y τ = [y 1 ; ...; y τ ]. We denote
and similarly for E u .
2. We are given sets U inp ⊂ E u (admissible inputs), V nui ⊂ E u (nuisances), V j drg (drags), W j ⊂ E u (activations of shape j and magnitude ≥ 1), 1 ≤ j ≤ N , meeting the requirements of Section 3.1. These sets, exactly as in Section 3.1, give rise to the notions of admissible and nuisance inputs to (48), same as signal inputs of shape j and magnitude ≥ ρ.
3. The distribution P of disturbance ξ is known to belong to a given family P of probability densities on R n ξ . We are also given tolerances t ∈ (0, 1/2), tj ∈ (0, 1/2), 1
We acquire observations y τ one by one, so that at time t we have at our disposal the observation y t = [y 1 ; ...; y t ]. Our objective is to design tests T t and thresholds ρ tj > 0, 1 ≤ t ≤ d, 1 ≤ j ≤ N , meeting requirements completely similar to those from Section 3.1:
• given observation y t , the test T t should make either a nuisance, or a signal conclusion (but not both);
• if the input to (48) is a nuisance, the probability of the non-nuisance conclusion at time t should be at most t , and if, for some j, the input is a signal of shape j ≤ N and magnitude > ρ tj , the probability of the nuisance conclusion at time t should be at most tj .
Both these requirements should be satisfied for every t ≤ d, and we would like to meet them with as small thresholds ρ tj as possible.
We are about to demonstrate that the just outlined change detection problem can be handled via the techniques developed in Sections 3.2 and 3.3. Basically all we need to this end is to convert our now observation scheme into the one considered in Section 3, and this is what we are about to do next.
Building the observation scheme
Given an input u, a noise ξ and t ≤ d, the observation y t is not uniquely determined by the input and the noise; it is also affected by the initial state x 0 of the system. To get rid of the influence of the initial condition we act as follows. ...; y t ] which in the noiseless case ξ = 0 stem from zero input and some initial state of the system, build an orthonormal basis of the orthogonal complement of F t in E t y and make the vectors of this basis the rows of a matrix, thus arriving at a µ t × (tn y ) matrix M t . Note that µ t is a nondecreasing function of t. It may happen that µ t = 0 for some t. In this case, our decision rule T t by construction accepts the nuisance hypothesis, so that nontrivial decision rules will be associated only with those time instants t for which µ t ≥ 1. Let t = κ + 1 be the first instant such that the corresponding µ t ≥ 1. Note that time instants t with µ t ≥ 1 form the final segment {κ + 1, κ + 2, ..., κ + K = d} of 1, ..., d (recall that µ t is nondecreasing in t). We set m k = µ κ+k , 1 ≤ k ≤ K. By construction,
with some m k × n u matrix A k and m k × n ξ matrix B k readily given by our data.
From now on, we assume that 8 K > 0 and that B k are of full row rank, i.e. rank(B k ) = m k , 1 ≤ k ≤ K. Finally, we select somehow invertible m k × m k matrices L k and pass from observations (49) to observations
For example, we can set
Notice that observations (50) meet the requirements imposed in Section 3.1. As a result, we find ourselves in the situation considered in Section 3.1 and therefore can apply to the change detection problem in question the machinery developed in Sections 3.2 and 3.3.
Illustration: detecting changes in the trend of a simple time series
We consider a simple time series model [U
] is the set of "signal inputs of shape i and magnitude ≥ ρ." We consider two cases:
• pulse signal inputs:
• step signal inputs:
To make the notation consistent with that used in Section 3.1, we set
, thus getting N = 2d parametric families of signal inputs. Note that we are in the situation when the nuisance set V nui and the drag sets V j drg are just the singletons {0}. We refer to signal input u ∈ U j (ρ) as to signal input of shape j and magnitude ≥ ρ.
Methodology
We are about to apply, with minor modifications, the construction outlined in Section 3.3.
Control parameters of the construction are R > 0 appearing in (52) and tolerance ∈ (0, 1/2) responsible for the risks of our decision rules. Our goal is to find decision rules T k and positive reals ρ kj ∈ (0, R],
• T k makes a decision given observation y k = [y 1 ; ...; y k ], and this decision, depending on y k , is either "signal conclusion," or "nuisance conclusion" (exactly one of them). In the case of signal conclusion at step k, the inference procedure is terminated at this step, otherwise we pass to time k + 1 (when k < d) or terminate (when k = d).
• The following risk specifications are met:
-When the nuisance hypothesis is true (i.e., u = 0), the probability of terminating with signal conclusion (false alarm) somewhere on the time horizon 1, ..., d is ≤ .
-For every k ≤ d and every j ≤ N , if the input u underlying our observation belongs to U j (ρ) with ρ kj ≤ ρ < R, the probability of signal conclusion somewhere on the time horizon 1, ..., k should be at least 1 − .
We intend to achieve this goal with as small ρ kj as possible.
Constructing decision rules
To attain the just stated goal we act as follows. The rule T 1 is trivial -it always accepts the nuisance hypothesis. To describe how T k , k > 1, is built, let us fix k ∈ {2, ..., d}.
1. Building observation ω k . We clearly have
for some known matrices B k and C k . Let F k be d × (k − 1) matrix with columns forming an orthonormal basis of the (k − 1)-dimensional subspace of R k comprised of vectors with zero mean. Let us set We then find a positive definite matrix Θ k such that
In our implementation, we use
k , where Ω k is the minimum trace matrix satisfying
Finally, the observation ω k at time k, is the vector (cf. (50))
By Proposition 2.3, ξ k has a symmetric density p k (·) ∈ P k−1 γ with γ = γ S γ σ , where γ S is the density of the standard univariate Student's t ν distribution with ν degrees of freedom, and γ σ is the density of
, observations (54) are as required in (36), and we meet Assumption A.
We now apply the decision rules of Scheme II from Section 3.3 to observation (54). To define parameters J k , ρ kj , α 1kj and α 2kj we proceed as follows.
We set
For j ∈ J k , we specify α 1kj , α 2kj , δ kj by the relations
Note that, by construction, ∀k :
3. For j ∈ J k , we consider the convex optimization problem (cf. (P kj [ρ])). Opt kj (ρ) clearly is continuous and nonincreasing in ρ > 0 and lim ρ→+0 Opt(ρ) = 0. When Opt kj (R) ≤ δ kj we set ρ kj = R. Otherwise, we find the smallest ρ = ρ kj such that Opt kj (ρ) ≥ δ kj ; note that in the latter case we have ρ kj ∈ (0, R) and Opt kj (ρ kj ) = δ kj . We have specified ρ kj for all j ∈ J k .
4. We set J k = {j ∈ J k : ρ kj < R} thus ensuring that ρ kj < R if and only if j ∈ J k .
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5. Same as in Section 3.3, for j ∈ J k we denote by u kj an optimal solution to problem (P kj [ρ]) with ρ = ρ kj and set ( cf. (46))
6. Finally, given observation ω k , our rule T k makes the nuisance conclusion if and only if φ kj (ω k ) ≥ 1 2
[α 2kj − α 1kj ] for all j ∈ J k , and makes signal conclusion otherwise, cf. Section 3.3. Invoking the results of Section 3.3.2, the decision rules we have built do satisfy risk specifications of Section 4.3.1.
Quantifying conservatism: performance indexes

Let us pass from intermediate observations (53) to observations
Since Q k has orthonormal rows, specifying the distribution of η to be multivariate Student's t d (ν, I d ) distribution on R d with ν degrees of freedom and unit matrix parameter, the distribution p(·) of the random variable Q k η will be multivariate Student's t k−1 (ν, I k−1 ) distribution. Now, let θ be the smallest nonvanishing singular value of S k (or, equivalently, θ 2 is the smallest eigenvalue of S k S T k ). Clearly, we can specify the covariance matrix Σ of zero mean d-dimensional Gaussian random vector ζ to satisfy Σ σ 2 I d and to be such that the covariance matrix of S k ζ is θ 2 σ 2 I k−1 . We conclude that we can point out distributions of η and ζ, satisfying specifications of the model (51), and such that the random noise λ k in (56) will be the sum of two independent zero-mean random vectors, one with (k − 1)-dimensional Student distribution t k−1 (ν, I k−1 ), and the other -Gaussian, with covariance matrix (θσ) 2 I k−1 . As it is immediately seen, λ k has a probability density p(·) of the form f ( · 2 ) with nonincreasing f (cf. item 1 o .a in Section A.1), and whenever e ∈ R k−1 is a unit vector, the probability density γ k (·) of the scalar random variable e T λ k is γ k = γ S γ θσ .
Here, as above, γ S is the density of the univariate Student's t ν distribution, and γ θ k σ is the density of N (0, (θσ) 2 ). Now let V 1 , V 2 be two closed convex sets in the space R d of inputs such that the sets Q k V χ , χ = 1, 2, are closed, and one of these two sets is bounded, and let (u 1 * , u 2 * ) be an optimal solution to the convex optimization problem δ = min
By Remark 2.1, no test based on observation (56) can decide on two simple hypotheses u = u 1 * , u = u 2 * with risk < ∞ δ γ k (s)ds, implying that the same lower risk bound also holds true for all tests utilizing observations y k rather than w k . Now let V 1 = {0} and V 2 = U j (ρ), so that δ as defined in (57) becomes a (clearly, continuous and nonincreasing when ρ > 0) function δ kj (ρ) of ρ. Let us define ρ * kj as follows: if
there is no test which, given an observation y k , would decide with risk ≤ on the hypothesis "u = 0" vs. the alternative "u is a signal from U j (ρ) with ρ > 0." It is natural to quantify the conservatism of our decision rules T k by the performance indexes ρ kj /ρ * kj ; the less are these indexes, the less is the conservatism.
Numerical results
We operate on time horizon d = 8 and deal with σ = 1 and with 5 values of the number ν of degrees of freedom of the Student distribution of η, specifically, the values 1, 2, 3, 6, ∞. In the experiments of this section we use parameter values R = 10 4 , = 0.01. 11 The range of parameters ρ kj and of ratios ρ kj /ρ * k,i are presented in Figure 1 . Some comments are in order.
We display the range of quantities ρ kj and ρ kj /ρ * kj only for those values of k, j for which ρ * kj < R, that is, ignore pairs k, j for which already an optimistic lower bounds ρ * kj on the magnitude of signal inputs of shape j which can be detected, with the required risk, at time k should be ≥ R, which is forbidden by (52). On a closest inspection, the ignored pairs k, j are the pairs of the form k, j = 2i − 1 and k, j = 2i where (a) i > k, or (b) k = 1, or (c) [only for pulses!] i = 1 < k. The reasons are clear: (a) stems from the fact that at time k it is impossible to detect a whatever large signal input which starts at time i > k. (b) reflects the fact that the contribution of a whatever large signal input, if any, to the very first observation is fully masked by the initial condition α 0 , and in our model we do not impose any restrictions on this initial condition. (c) is of a similar origin: when the signal inputs are pulses, of a whatever magnitude, at time 1, are fully masked by the initial conditions and thus cannot be detected at all.
3. As it could be guessed, when the signal inputs are steps, the quantities ρ kj , for j fixed, decrease as k ≥ j grows, since influence of step-change on our observations accumulates with time. In contrast, no such phenomenon is observed for pulse signal inputs where there is "nothing to accumulate." 4. The conservatism of our decision rules, as presented in the tables, while unpleasant, seems to be not too high when ν ≥ 3, and becomes really arresting when ν = 1. The origin of this phenomenon is quite transparent. The conservatism seems to stem primarily from systematic use in our constructions, for absence of something better, of the union bounds for probabilities. For example, when computing ρ * kj , we allow for the probability of false alarm at time k to be as large as , while in our decision rules, we "distribute" this probability between d instants where we make our decisions. Similarly, when computing ρ * kj , we act as if the only alternative to the nuisance hypothesis were a particular signal hypothesis u ∈ U j (ρ), while in fact we have several signal hypotheses to consider and should take into account the resulting "accumulation of risk." As a result, we require from pairwise tests participating in T k to have risk essentially smaller than , which in the case of a "heavy tail" noise distribution allowed by our model requires an essentially larger magnitudes of detectable signal inputs than those allowing for detection when the shape of signal input is known in advance. And indeed, we see that the ratios ρ kj /ρ * kj rapidly increase as ν decreases.
We report on Figure 2 the evolution of parameters ρ kj for k = 8 for step and pulse signals as a function of the risk of the test and the standard deviation σ of the Gaussian component ζ t of the noise. As expected, ρ kj increase with σ and when decreases.
Change detection in linear dynamic system revisited
The methodology developed in Section 3.3 allows for a a straightforward refinement which hopefully improves the resulting inference performance. Note that the inference rules, as given in Sections 3.2 and 3.3 use very conservative bound for the probability of false alarm -for multiple tests this probability is simply the sum of probabilities of false rejections of the nuisance hypothesis for each test. This result in the inflation of the testing thresholds ρ kj , which amounts to a "logarithmic factor" in the case of Gaussian observation noise, but becomes much more severe in the case of a heavy-tail noise distribution. One way to make the decision less cautious is to reduce the number of hypotheses to test by aggregating the alternatives. Here we illustrate the idea of the proposed modification on the simple numerical example in section 4.3. Specifically, when building the detection procedure, at time k we act as follows: • We compute the quantities ρ * kj , j = 1, ..., 2d, and denote by J * k the set of those j for which ρ * kj < R. As it was explained, there is no reason to bother to detect at time k signal inputs of shape j ∈ J * k .
• Assume we have somehow associated thresholds ρ kj ≥ ρ * kj to indexes j ∈ J * k ; our goal, same as before, is to build a decision rule T k which, given ω k , -with probability at least 1 − , makes signal conclusion at time k, provided the input belongs to U j (ρ kj ) with some j ∈ J * k ; -has false alarm probability at time k (the probability to make signal conclusion when the input is a nuisance) ≤ k , k k = .
Next, let us color the sets U j (ρ kj ), j ∈ J * k (and their indexes) in a number L of colors; let I be the set of indexes j ∈ J * k colored by color . We associate with each a convex alternative U -the convex hull of "alternatives of color ":
and replace the original detection problem with the following one: given observation ω k we want to decide on the null hypothesis H 0 "the input is nuisance" (in our case, zero) vs. the alternative H 1 "the input belongs to
U ." Same as before, our goal is to ensure probability of false alarm ≤ k and probability of miss ≤ .
Note that if we are able to do so, we meet our initial design specifications -with input from U j (ρ kj ) for some j ∈ J * k , the probability of signal conclusion at time k will be at least 1 − . To build the decision rule, let us use pairwise tests given by the construction from Section 3.3: we need L tests, -th of them deciding on H 0 vs. the alternative H 1 : u ∈ U , with risks j of false alarm and of miss. If we can ensure L =1 j ≤ k , we are done -the decision rule which makes nuisance conclusion when all our L tests "vote" for H 0 , and makes the signal conclusion otherwise, is what we are looking for. Note that the original construction in Section 4.3 is of exactly this structure, with L = Card(J * k ) (i.e., every U j (ρ kj ), j ∈ J * k , has its own color). It could make sense, however, to use aggregated alternatives, thus reducing the number of colors. When doing so, -on one hand, it is more difficult to decide on H 0 vs. the alternatives, because the image A k U of the "aggregated" set of signal inputs is closer to the image {0} of the nuisance set than the images A k U j (ρ kj ), j ∈ I , of individual sets of signal inputs participating in the aggregation. Therefore, to ensure the same risk, we now need a somewhat larger separation of the images of the nuisance and the signal inputs in the observation space;
-on the other hand, we should now "distribute" k among L < Card(J * k ) miss probabilities k . This would allow to operate with larger miss probabilities, thus reducing the necessary separation of the images of the nuisance and the signal inputs in the observation space.
It is hard to tell in advance which of these two opposite effects will prevail; an answer, however, could be provided by computation, and it makes sense to give to the outlined modification a try. To make things as simple as possible, let us act as follows.
• After the colors are assigned and the sets U , ≤ L, are built, we specify k and the quantities α 1k , α 2k , δ k to meet the requirements
Let us suppose that the relation min
is satisfied. We set
where u k are optimal solutions to the optimization problems in (58). It is immediately seen that making at time k the nuisance conclusion if and only if φ kj (ω k ) ≥ of false alarm at time k at most k , and the probability of miss when the input belongs to
, thus meeting our design specifications.
Specifying ρ kj . The question we did not address so far is how to choose ρ kj , j ∈ J * k . What we expect of these quantities is to ensure the validity of (58), and the simplest way to achieve this goal is as follows. Setting ρ kj = θρ * kj , the left hand side in (58) is a nondecreasing function of θ, and we can find by bisection the smallest θ = θ k ≥ 1 for which (58) takes place. After θ k is found, we set ρ kj = θ k ρ * kj , j ∈ J * k . Clearly, with this approach, the performance indexes ρ kj /ρ * kj , j ∈ J * k , are all equal to θ k .
How it works. We applied the just outline construction to the data underlying the numerical experiment described in Section 4.3. Our implementation was the simplest possible: given k, we looked at all j's such that ρ * kj < R; the set J * k of these j's with our data is nonempty only when k ≥ 2 and is either {1, ..., 2k} (step signals), or {3, 4, ..., 2k} (pulse signals). A set U j (ρ) with odd index j = 2i − 1 (even index j = 2i), j ∈ J * k , is comprised of signals which are zero before time i and "jump up/jump down" at time i depending on whether j is even or odd. We color these sets in L = 2 colors, depending on whether the corresponding indexes j are odd or even, that is, we use at step k
with θ k as explained above. We present on Figure 3 the comparison of performance indexes ρ kj /ρ * kj , j ∈ J * k , for the original inference routine (these indexes are presented on Figure 1 ) and the performance indexes of the just described modified inference. For our initial routine, the performance indexes slightly vary with j ∈ J * k , and we present their ranges; for the new routine, the performance indexes do not depend on j. We observe that in the considered example the proposed straightforward aggregation of signal inputs typically results in degradation of the performance indexes, and improves these indexes significantly for the "heavy tailed" noise distributions (the case of ν = 1). Signal input: pulse, 2 ≤ k ≤ 8 Figure 3 : Ranges of performance indexes ρ kj /ρ * kj (cf. right plots of Figure 1 ) as compared to the performance index for the refined inference (solid lines). Red/cyan/magenta: ν = 3/2/1 (left plots), blue/green: ν = ∞/6 (right plots). Charts are shifted horizontally to improve the plot readability. On these plots ρ k,j /ρ * k,j decrease with ν. same asH
where F andF are the c.d.f.'s of the densities f andf , respectively. Thus, when setting ∆(s) = F (s) −F (s), we get
where the final "≥" is due to ∆(t) ≥ 0 and g(x − t) ≥ g(x + t) for x, t ≥ 0 (recall that g ∈ N ) for t ≥ 0. 1 o .c. Let f ∈ E, ρ ∈ (0, 1), and let f ρ (s) = ρ −1 f (ρ −1 s). Then f ρ ∈ E and f ρ f . Indeed, the inclusion f ρ ∈ E is obvious. On the other hand, if ξ ∼ f , one has P (ρξ ≥ x) = P (ξ ≥ x/ρ) ≤ P (ξ ≥ x) for 0 < ρ < 1 and x ≥ 0, what is exactly f ρ f . 2 0 . Now let p(·) ∈ P n , q(·) ∈ P m , and let e ∈ R r , e 2 = 1, be given. Let us set e 1 = A T Θ −1 e, e 2 = B T Θ −1 e, let η ∼ p and ζ ∼ q be independent, and let ξ = Θ 
To make the presentation self-contained, here is the proof of the lemma:
In view of (59.a), we can assume w.l.o.g. that h(0) = 0. Let us extend h(s) from the nonnegative ray to the entire real axis by setting h(s) = 0, s < 0, thus arriving at a monotone on the axis nonnegative function. Let η ∼ f and ζ ∼ g. When denoting H the c.d.f. of h(ζ), under the premise of the lemma we clearly have
On the other hand, for t ≥ 0 the set {s : h(s) > t} is a ray either of the form [a t , +∞) or (a t , +∞) with a t ≥ 0, so that (59.b) implies that ∀t ≥ 0 Prob{h(η) > t} ≥ Prob{h(ζ) > t}.
As a result,
Prob{h(ζ) > t}dt.
We conclude that E ζ∼g {h(ζ)} is finite and satisfies
Prob{h(ζ) > t}dt ≤ E η∼f {h(η)}. and we have already seen in 1 0 that the concluding quantity is ≤ δ (η|γ). The bottom line is that inequalities (23) hold true with = δ (η|γ), and (27) follows.
A.5 Proof of Proposition 2.7
Let e ∈ R n be a unit vector, δ ≥ 0, and p ∈ P sG . We have where the concluding ≤ is due to p ∈ P sG and e 2 = 1. Similarly, The resulting inequalities hold true for all unit vectors e and all p ∈ P sG , implying (33).
A.6 Proof of Proposition 2.8 where the concluding inequality is due to (35).
B Setting up the estimation algorithm
We provide below details of computation of parameters J k , α 1kj , α 2kj , and ρ kj of the "improved" change detection procedure in Section (4.3.1).
• Initialization: Given are: confidence level ε, density γ for family P γ , and number d of observations. Set RMNG FLS ALM = ε. 13 Compute α 2 such that ∞ α2 γ(s)ds = ε.
• Iteration k = 2, ..., d: For j ∈ J k , put α 2kj = α 2 and compute (e.g., by bisection) ρ kj such that
Opt kj (ρ kj ) = (α 1kj + α 2kj )/2.
Put RMNG FLS ALM = RMNG FLS ALM − |J k | ε k .
It is straightforward to check that the parameters computed as above indeed satisfy (45). 13 Variable RMNG FLS ALM stores the "remaining at the current step" false alarm probability (type I error). 14 Recall that R j is the largest value of ρ > 0 such that (P kj [ρ]) (see Section (3.2.2)) is feasible.
